The existence and nonexistence of λ-harmonic functions in unbounded domains of H n are investigated. We prove that if the (n − 1)/2 Hausdorff measure of the asymptotic boundary of a domain Ω is zero, then there is no bounded λ-harmonic function of Ω for λ ∈ [0, λ 1 (H n )], where λ 1 (H n ) = (n − 1) 2 /4. For these domains, we have comparison principle and some maximum principle. Conversely, for any s > (n − 1)/2, we prove the existence of domains with asymptotic boundary of dimension s for which there are bounded λ 1 -harmonic functions that decay exponentially at infinity.
Introduction
Let H n be the hyperbolic space and let Ω be a domain (open connected set) in H n . For Ω = H n , we say that a nontrivial u is a λ-harmonic function of Ω if u ∈ C(Ω) ∩ C 2 (Ω) satisfies −∆u = λu in Ω u = 0 on ∂Ω.
(1)
In the case Ω = H n we only require that u ≡ 0 satisfies the equation above. Remind that this is a classical eigenvalue problem when Ω is a bounded domain. In this case u is an eigenfunction associated to the eigenvalue λ and, from the Spectral Theory, the set of eigenvalues is discrete and it is the spectrum of −∆ : H 1 0 (Ω) → H 1 0 (Ω), where H 1 0 (Ω) is the Sobolev space that is the closure of C ∞ 0 (Ω) with the L 2 norm of the gradient. However the situation is different for unbounded domains and this characterization of the spectrum does not hold. Indeed, there exists λ for which problem (1) has nontrivial solution but still λ is neither an eigenvalue nor an element of the essential spectrum.
Even then, several results are known. For instance, if Ω is the whole H n , a class of λ-harmonic functions is obtained in [9] , [10] using some Poisson integral representation. This representation is used in [8] to characterize the bounded λ-harmonic functions for any λ ∈ C.
For a Hadamard manifold M with sectional curvature bounded from above and below by negative constants, Ancona proved in [3] the existence of bounded λ-harmonic functions in M , that converge to zero at infinity with exponential rate, for any λ ∈ (0, λ 1 ), where λ 1 is the first eigenvalue of M defined by
On the other hand, he also exhibited examples of manifolds for which there is no positive λ 1 -harmonic function that converges to 0 at the asymptotic boundary. This illustrates the importance of the first eigenvalue in the behavior of the λ-harmonic functions in general manifolds. The asymptotic boundary with the cone topology [6] also plays an important role in the estimates needed to the main results of [2] and [3] .
The purpose of this work is to study the existence of bounded λ-harmonic functions in unbounded domains of H n for λ ≤ λ 1 (H n ), where the first eigenvalue of H n is evaluated by McKean in [11] :
We show that if the asymptotic boundary boundary is not "large enough", the problem has no bounded solution. This extends our knowledge that for bounded domains (or domains with empty asymptotic boundary) there are no λ-harmonic functions, if λ ≤ λ 1 . One of our main results is the following theorem, that is not restricted to functions that converge to zero at the asymptotic boundary:
is zero. Then there is no bounded λ-harmonic function that vanishes on ∂Ω for λ ∈ [0, λ 1 ].
A consequence of Theorem 1.1 is that for domains Ω with H (n−1)/2 (∂ ∞ Ω) = 0 we have a comparison principle, that is, if u 1 and u 2 are bounded classical solutions of
where f ∈ C(Ω), satisfying u 1 ≤ u 2 on ∂Ω, then u 1 ≤ u 2 in Ω. In particular for f = 0, considering u 2 = 0, we conclude that if u 1 ≤ 0 on ∂Ω, then u 1 ≤ 0 in Ω. This is a special case of maximum principle studied, for instance, by Berestycki, Nirenberg and Varadhan [5] in bounded domains of R n for subsolutions of a large class of second order elliptic equations Lu = −λu. They proved this maximum principle provided λ < λ 1 (L, Ω), where λ 1 (L, Ω) is a sort of eigenvalue defined for nondivergent operators.
The comparison principle also implies the uniqueness of bounded solutions to the Dirichlet problem
Since any L p (Ω) λ-harmonic function in Hadamard manifolds is bounded for p ≥ 2 (see [4] ), this uniqueness result also holds in L p (Ω) for p ≥ 2. Besides Theorem 1.1 can be used to prove uniqueness of Green's functions of the operator −∆ − λ that are bounded outside a ball containing the singularity. Indeed suppose that G 1 x and G 2 x are Green's functions of a domain Ω with H (n−1)/2 (∂ ∞ Ω) = 0 associated to the point x ∈ Ω. If they are bounded outside a ball centered at x, then G 1 x − G 2 x is a bounded solution of (1). Therefore, it must be zero, proving that G 1 x = G 2 x . This result does not hold for a general domain, because if a domain has a bounded λ-harmonic function u and such a G 1 x , then G 1 x + c u, c ∈ R, is a family of Green's functions with the same property. The behavior of Green's function for points far way the singularity is studied in [2] for Hadamard manifolds. Theorem 1.1 is optimal in the sense that if the asymptotic boundary has dimension larger than (n − 1)/2, then Problem 1 may have a bounded solution. In fact, for any s ∈ ( n−1 2 , n − 1) we prove the existence of open sets Ω ⊂ H n such that the dimension of ∂ ∞ Ω is s and for which there exist bounded solutions that decay exponentially at infinity. (For n = 5 and s = 3 > (5 − 1)/2, we present in Section 4 a λ-harmonic function of a hiperannuli, that is a domain which possess an asymptotic boundary of dimension 3.) More precisely, we prove in Theorem 4.1 that any truly s−dimensional subset (see Definition 2.3) of ∂ ∞ H n is the asymptotic boundary of a domain that admits a bounded λ−harmonic function. These two results give a good relation between existence of solution and the dimension of the asymptotic boundary.
In this work, some preliminaries are presented in Section 2. They include the concept asymptotic boundary of H n , the cone topology and the Hausdorff dimension of a subset of the asymptotic boundary. Theorem 1.1 is proved in Section 3. In Section 4 we present conditions on a subset X ⊂ ∂ ∞ H n that guarantee the existence of an open set Ω that admits a bounded λ-harmonic function such that the asymptotic boundary of Ω is X. Then we build examples in which the asymptotic boundary has dimension s for any s ∈ n−1 2 , n − 1 . For the case s = n − 1 simple examples are exposed in Section 4.
2 Prelimaries about H n 2.1 The asymptotic boundary of H n To define the asymptotic boundary of Ω, ∂ ∞ Ω, we follow the ideas of Eberlein and O'Neill [6] and consider ∂ ∞ H n as the set of equivalence classes of geodesic rays, where we say that γ 1 ∼ γ 2 , iff d(γ 1 (t), γ 2 (t)) is bounded, where t is the arclength. Then the closure of H n is H n = H n ∪ ∂ ∞ H n and the cone topology is introduced by saying that any open set of H n is open in H n and truncated cones C(o, γ 0 , θ, R) are also open. For an arclength parametrized geodesic ray γ 0 , with γ 0 (0) = o, the truncated cone C(o, γ 0 , θ, R) of opening θ centered at γ 0 is the union of the two following sets
The asymptotic boundary of a set Ω ⊂ H n , ∂ ∞ Ω, is the boundary with respect to the cone topology of Ω in H n ∪ ∂ ∞ H n minus its usual boundary.
With this notion of asymptotic boundary, we may define the Hausdorff dimension of a subset X ⊂ ∂ ∞ H n . We start with sets X of measure zero. For that, remind that for a given point o ∈ H n , we may identify
1 is a Lipschitz function according to Proposition 1.3 of [12] . As a consequence, suppose that X ⊂ ∂ ∞ H n is such that f 1 (X) ⊂ S 1 (o 1 ) is a set of r-dimensional Hausdorff measure zero. Then the r-dimensional Hausdorff measure of
is a set of r-dimensional Hausdorff measure finite, then the r-dimensional Hausdorff measure of f 2 (X) ⊂ S 1 (o 2 ) is also finite. Therefore the definitions below are well-posed.
is zero for some (and therefore for all) identifications of X.
is finite for some (and therefore for all) identifications of X.
Moreover, we may define the Hausdorff dimension of a subset of ∂ ∞ H n as the Hausdorff dimension of f 1 (X) for an identification of X. This is well defined because the Hausdorff dimension of X is s(X) = inf{r ≥ 0 | H r (X) = 0}.
Some r dimensional subsets of ∂ ∞ H n are truly r−dimensional, and for them we obtain a sharp result in the sense that they are the asymptotic boundary of a domain that admits a bounded λ 1 −harmonic function iff r > (n − 1)/2. Their precise definition is
and X admits an identification f :
for B r (p 0 ) the ball centered at p 0 in T o H n with radius r;
iv) There exists K = K(f (X)) > 0 such that for any p 0 ∈ f (X) and r > 0,
A totally geodesic hypersphere in H n is a (n − 1)−dimensional totally geodesic submanifold of H n . A totally geodesic hyperball is a region bounded by a totally geodesic hypersphere. Given a totally geodesic hyperball I bounded by ∂I, the distance with sign to ∂I is defined as the hyperbolic distance to ∂I with positive sign in I and negative sign in H n \I. The asymptotic boundary of a hypersphere is homeomorphic to S n−2 and therefore has Hausdorff dimension n − 2.
A horosphere in H n is a (n−1)−dimensional submanifold of H n obtained as the limit set of a sequence of geodesic spheres centered along a geodeisic ray γ(t) that contain γ(0). It may be seen as a sphere centered at [γ] ∈ ∂ ∞ H n . A horoball H is the region bounded by a horosphere that contains the geodesic ray γ((0, ∞)), The distance with sign to ∂H is defined as the hyperbolic distance to ∂H with positive sign in H and negative sign in H n \H. The asymptotic boundary of a horosphere is only one point so that it has Hausdorff dimension 0.
The Poincaré ball model
The Poincaré ball model of H n consists in endow the ball B = B 1 (0) ⊂ R n of radius one centered at the origin with a Riemannian metric given by
where | · | is the euclidean distance to the origin. The advantage of this model is that the Hausdorff measure in ∂ ∞ H n can be seen in ∂B. It becomes then natural to integrate in subsets of ∂ ∞ H n by integrating in subsets of ∂B, as we will proceed in Section 4.
In this model the geodesics are part of circles that cross ∂B orthogonally and diameters though the origin. The totally geodesic hyperspheres are (n − 1)−spheres that also intercept ∂B orthogonally and the horospheres are spheres contained in B that touch ∂B only at one point, called the center of the horosphere. Given α ∈ [−1, 1), we denote by H z,α the horoball centered at z ∈ ∂B with αz ∈ ∂H z,α . We remark that given z and α, there is a unique horoball with the properties described above.
With the model set we are able to prove two lemmas about the distance to horo-and hyperspheres, where we use that the hyperbolic distance from p ∈ B to the origin 0 of B is
Lemma 2.4. Let 0 ∈ B be the center of B in the ball model. Given z ∈ ∂B and a positive θ, let C(z, θ, 0) be the cone with vertex at 0, opening angle θ with axis the ray that connects 0 to z. Let I(z, θ, 0) be the totally geodesic hyperball such that I(z, θ, 0) ∩ ∂B = C(z, θ, 0) ∩ ∂B.
There exist constants C 1 , C 2 and θ 0 , such that the hyperbolic distance d satisfies
Proof. In this setting, ∂I(z, θ, 0) is, if θ < π, part of an euclidean sphere in R n of radius tan(θ/2) and center outside B, on the line though 0 and z, at a distance tan 2 (θ/2) + 1 = sec(θ/2) from 0. Therefore the euclidean distance from the origin 0 to ∂I(z, θ, 0) is sec(θ/2) − tan(θ/2). From expression 2,
which behaves as stated above for θ close to zero.
Lemma 2.5. The hyperbolic distance (with sign) between x ∈ B and a horoball H z,0 though the origin is
Proof. We can suppose that z = e 1 = (1, 0, . . . , 0) ∈ ∂B and use the representation x = (x 1 , y), where y = (x 2 , . . . , x n ). Observe that there exists only one α such that the horosphere ∂H z,α contains x. This α corresponds to the intersection between ∂H z,α and the x 1 -axis, that is given by (α, 0, . . . , 0) = α e 1 , where
Since the two horospheres ∂H z,α and ∂H z,0 are equidistant, the distance between x and ∂H z,0 is the same as the distance between α e 1 and 0, that is given by
From (3), we have
Non-existence results
In this section we prove the non existence of bounded λ−harmonic functions in domains of H n that are unbounded and have a sufficiently small asymptotic boundary. We first prove a weaker result for the case of the asymptotic boundary being a single point and then we generalize it for small sets. For this, we need the λ−harmonic functions associated to hyperballs. Given a totally geodesic hyperball I ⊂ H n , if u : H n → R is a function that depends only on the distance (with sign) d to the hypersphere ∂I, then the Laplacian of u is given by
Hence a λ−harmonic function in H n that depends only on d satisfies 
Proof. Consider the change of variables t = 1 sinh(d)
, which brings the behaviour of a solution at infinity to the origin. With this change, (4) becomes
solvable by the Fröbenius method. The two (linearly independent, if λ < λ 1 ) solutions to (5) are
with a 0 = 0, r 1 = r and r 2 = r − (n − 1) 1 − λ/λ 1 .
Observe that v 1 (0) = 0 and if we choose a 0 > 0, there is a positive t 0 such that v 1 is an increasing function in (0, t 0 ). Besides, decreasing t 0 if necessary, we may find a constant D > 0, such that v 1 (t) ≤ Dt r 1 in (0, t 0 ).
Hence, taking h(d) = v 1 (1/sinh(d)) , h is a solution to (4) such that h > 0 in (d 0 , +∞) where d 0 = arcsinh (1/t 0 ) and
Definition 3.2. For a given totally geodesic hyperball I in H n , define a λ-harmonic function w I in H n by
The function w I is a λ−harmonic function in H n that attains value 1 on the hypersphere d 0 apart from ∂I and decreases exponentially to zero for d > d 0 .
Theorem 3.3.
Let Ω be a domain of H n such that ∂ ∞ Ω = {p}. Then there is no nontrivial bounded λ-harmonic function that vanishes on ∂Ω for any λ ∈ [0, λ 1 ].
Proof. Assume, for the sake of contradiction, that Ω ⊂ H n is a domain with ∂ ∞ Ω = {p} that admits a bounded λ−harmonic function u. Without loss of generality, we may suppose sup u = 1/2. Let o be some point of Ω such that u(o) > 0.
Let h be the solution to (4) from Lemma 3.1. Since h → 0 as d → +∞, there is some
Let S be the totally geodesic hypersphere centered at p with d(o, S) = d 1 . Now consider I the totally geodesic hyperball bounded by S that does not contain p in its asymptotic boundary. Let w I be the λ-harmonic function of I from Definition 3.2. We find a compact subset Ω 1 ⊂ Ω ∩ I in which u − w I is a positive bounded λ−harmonic function.
Take
Observe that O is a bounded non empty set, since Ω ∩ I is bounded and o ∈ O. Besides
Furthermore, w I > u on ∂O, since w I > 0 = u on ∂O ∩ ∂Ω and w I = 1 > u on ∂O ∩ Ω. Therefore, there exists some domain Ω 1 ⊂ O such that u − w I > 0 in Ω 1 and u − w I = 0 on ∂Ω 1 . Hence v = u − w I is a positive λ−harmonic function of the bounded domain Ω 1 , contradicting the fact that λ ≤ λ 1 (H n ) .
In order to prove the stronger version of this theorem, we need to estimate w I at a point by the size of ∂ ∞ I. Proof. According to Lemma 3.1,
for d > d 0 and, from Lemma 2.4,
Hence, for θ < θ 1 , both inequalities are satisfied. Therefore, Proof. We follow the same idea as in Theorem 3.3. Assume that there exists such a function u, that we suppose satisfies sup u = 1/2. Let B be the ball model of H n . Without loss of generality, we assume that for 0 the origin of B, 0 < u(0) ≤ 1/2. Let X ′ ⊂ ∂B be the asymptotic boundary of Ω in this model. Since the (n − 1)/2-dimensional Hausdorff measure of X ′ is zero, for any ε > 0 there exists a countable collection of balls in ∂B,
Consider the hyperballs I i = I(x i , θ, 0) and the associated λ 1 −harmonic function
Taking ε small, it follows that 0 < i w i (0) < u(0).
by Harnack Inequality. Hence w = i w i is well defined, positive and, from the regularity theory, λ 1 -harmonic function.
Defining v = u − w in O we have that v(o) > 0 and v < 0 on ∂O since w > 0 = u on ∂O\Ω and w ≥ 1 > u on ∂O ∩ Ω. Moreover O is bounded. As before, we obtain a contradiction.
Existence results
The purpose of this section is to show that there exist subsets of ∂ ∞ H n of dimension s ∈ ( n−1 2 , n − 1], that are the asymptotic boundary of domains that admit bounded λ 1 −harmonic functions. We are especially interested in the case s ∈ ( n−1 2 , n − 1). For that, given a truly subset X of ∂ ∞ H n of dimension s, we construct a λ 1 −harmonic function u : H n → R positive in Ω with ∂ ∞ Ω = X, as stated in the next theorem.
Theorem 4.1. Let X be a truly s−dimensional subset of ∂ ∞ H n for some (n − 1)/2 < s < n − 1. Then there is a bounded λ 1 -harmonic function u in H n , positive in some set Ω such that
where d = d(p, o) for some o ∈ H n fixed and M 0 is a positive constant that depends only on K(f (X)), n and s.
For proving this result we integrate λ 1 -harmonic functions that are constant along horospheres. To find them, let H ⊂ H n be a horoball and d : H n → R be the distance with sign (positive in H) to ∂H. Then a λ 1 −harmonic function that is constant on horospheres equidistant to ∂H has the form u H (p) = u H (d(p)) and its Laplacian is
Hence,
for constants A 1 and A 2 .
The next lemma, a consequence of Lemma 2.5, presents an expression of u H in the Poincaré ball model.
Lemma 4.2.
In the Poincaré ball model, any λ 1 −harmonic function given by (7) associated to the horoball H z,0 can be expressed by
The result follows from expression (7) and Lemma 2.5. We denote by u z the function above for A 1 = 0 and A 2 = 1.
Proof of Theorem 4.1. We divide the proof into three claims. The first one asserts the absolute integrability of u z , the second provides a way to obtain the required solution u, and the third one treats the decay of u. Claim 1. Let Λ ⊂ ∂B, obtained as an identification of X ⊂ ∂ ∞ H n , a truly s−dimensional set not necessarily satisfying condition iii) from Definition 2.3. There is M > 0 depending only on n and s, such that
holds for any x ∈ B.
For x ∈ B, let δ = 1 − |x| and k ∈ N such that 2 < 2 k δ ≤ 4. Define Λ i = {z ∈ Λ : 2 i−1 δ ≤ |z − x| < 2 i δ} for i ∈ {1, 2, . . . , k}.
Observe that
since |z − x| ≤ 2. Using this inequality and that for a ≤ min{1, t} | ln t| ≤ ln t − 2 ln a,
Then, the monotonicity of ln x and (10) imply that
From (10) and (11), we conclude that for z ∈ Λ i
Now we estimate
Then Λ i ⊂ B 2 i+1 δ (x 0 ) ∩ Λ and from condition (iv) of Definition 2.3,
Using (12) and (13), we conclude
where
Since s − (n − 1) < 0, we get
1−2 (s−(n−1)) . Using that the right-hand side is uniformly bounded for δ ∈ (0, 1), we conclude the claim.
The second claim states that the integral in Λ of the family of functions u z , z ∈ Λ, given by (8) defines a bounded λ 1 -harmonic function.
Claim 2. If Λ is a truly s−dimensional set and there is M > 0 such that (9) holds for any x ∈ B, then the function
is a bounded λ 1 -harmonic function, positive in some set Ω such that ∂ ∞ Ω = ∂Ω ∩ ∂B = Λ.
From (9), u is well defined and bounded by M K(Λ). Moreover, since H s (Λ) is finite and u z (x) is C ∞ in z and x, we have that u is C ∞ and it is a λ 1 -harmonic function.
Let Ω = {x ∈ B : u(x) > 0}. First we prove that ∂ ∞ Ω ⊂ Λ. For z 0 ∈ ∂B\Λ and a positive r < 1 2 d(z 0 , Λ) that will be chosen later, let V be the ball centered at z 0 with radius r. Hence,
for any x ∈ V ∩ B and z ∈ Λ. Namingd = d(z 0 , Λ) and using that |x| > 1 − r for x ∈ V ∩ B, we have
for z ∈ Λ. If r <d 2 /8, the right-hand side of this inequality is negative and, therefore,
Then u(x) < 0 for x ∈ V ∩ B. As a consequence z 0 ∈ ∂ ∞ Ω which proves that ∂ ∞ Ω ⊂ Λ.
We prove now that ∂ ∞ Ω ⊃ Λ. For x 0 ∈ Λ let x = (1 − δ)x 0 , where 0 < δ < 1/8 will be chosen later. Observe that δ = 1 − |x|. Consider the sets Λ i defined in Claim 1 for i ∈ {1, . . . , k}, where 2 < 2 k δ ≤ 4.
If z ∈ Λ i for i < (k − 2)/2, we have that |z − x| < 2 i δ and the definition of k implies that 2 2i δ < 1. Then
Hence u z (x) > 0 and therefore
We can improve this estimative in Λ 1 . Indeed, if z ∈ Λ 1 , then |z − x| < 2δ. Using this and (17),
Observe now that for z ∈ Λ ∩ B δ (x 0 ), we get |z − x 0 | < δ and, therefore |z − x| ≤ |z − x 0 | + |x 0 − x| < 2δ. On the other hand |z − x| ≥ δ. Hence Λ ∩ B δ (x 0 ) ⊂ Λ 1 .
Condition (iii) of Definition 2.3 implies that there exist δ 1 > 0 and D > 0 such that 
concluding the proof of the first inequality. The second one is trivial if r > 1/m. If r < 1/m, take n ∈ N such that 1 m n+1 ≤ r < 1 m n .
Notice that Λ is contained in K n and B r (z) intercepts K n at most in two consecutive subintervals of K n of length 1/l n . Therefore,
For any 0 < s < 1, we exhibited a truly s−dimensional subset ∂B that is, from Theorem 4.1, the boundary of a domain that admits a bounded λ 1 −harmonic function if s > (n − 1)/2. The construction of the asymptotic boundary of a domain where a bounded eigenfunction exists ends by observing that if k is an integer such (n − 1)/2 < k + s < n − 1, then a Cantor like set Λ of Hausdorff dimension k + s can be constructed as follows:
We may think of S n−1 as a subset of R n , S n−1 = {(x 1 , ..., x n )|x 2 1 + x 2 2 + ... + x 2 n = 1} and it contains S 1 = {(0, ...0, x n−1 , x n )|x 2 n−1 +x 2 n = 1}. Let K l,m be the Cantor set contained in S 1 and then for 0 < ε < 1 let X = {(x 1 , ...x k , 0, ..., 0, x n−1 , x n )| (x n−1 , x n ) ∈ K l,m
and (x 2 1 + x 2 2 + ... + x 2 k ) ∈ [−ε, ε]}. It is clear that X is diffeomorphic to K l,m × [−ε, ε] k which has Hausdorff dimension s + k since any covering {A t } t∈I of K l,m induces a covering of X by taking {A t × [−ε, ε] k } t∈I . Besides, X is also a truly (k + s)−dimensional set and therefore, it is the asymptotic boundary of a domain Ω that admits a bounded positive λ 1 −harmonic function. This can be summarized in the following result Theorem 4.5. Given s ∈ ((n − 1)/2, n − 1) , s is the Hausdorff dimension of ∂ ∞ Ω for a domain Ω that admits a bounded λ 1 -harmonic function.
